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restart

with( curves)

[ ParametrizedTolmplicit, arclength, astroid, binormal, cardioid, cassinian, catenary, circle, cissoid,
clotharg, clothoid, curvature, curveinverse, cycloid, deltoid, ellipse, evolute, folium, helix, hyperbola,
involute, lemniscate, lissajous, logspiral, parabola, radial, tangent, torsion, torusknot, tractrix, twicubic,
unitnormal ]
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=l Conics
=l Circle

circle=mat(circle(a, t))

circle= Sacps(t)a
L €asin(t)u
ParametrizedTolmplicit(circle(a, t), t, [ X, y])
L y2+x2- a2=0

curveplot2D(circle(1,t),t =0.. evaf(2 p), evolute, involute, radial, pedal, inversion, radius = 1,
refpoint =[ 2, 0], title="Circle", axes = none)
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Circle

Curvature
kcircle: simplify(curvature(circle(a, t), t), assume = positive)

1

K. =—

B circle a

=l Ellipse
ellipse = mat(ellipse(a, b, t))

. _eacos(t)u
I ellipe =& Gn(t)H

adParametrizedTolmplicit(ellipse(a, b, t), t, [X, y]) 0
expand T

&.

(ab)?
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curveplot2D(ellipse(2, 1,t),t=0.. evaf(2 p), evolute, involute, radial, pedal, inversion, radius = 2,
refpoint =[O, 0], title="Ellipse", axes=none, view=[-4..4,-4 .. 4])

Ellipse

A\

=] curvature

kellipse: curvature(ellipse(a, b, t), t)

. - |ab)
ellipse ™ (3/2)
(a2 sin(t)? + b2 cos(1)?)

scalarplot( curvature( ellipse(2, 1, t),t),t =0.. 2 p, title="Curvature of Ellipse",
labels=["t", "k"])
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Curvature of Ellipse
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141
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0123,[456

curvatureplot3D(ellipse(2, 1, t), curvature( ellipse(2, 1,t),1),t =0.. evaf(2p),
"Curvature of Ellipse", axes = framed, orientation = [ - 60, 70], scaling = constrained)

Page 4



Curvature of Ellipse

{ curveplot2D(ellipse(2, 1,t),t=0.. evaf(2 p), "evolute", "radial", "peda", "inversion", radius = 2,
refpoint =[0, 0], view=[-4..4,-4..4])

=l Parabola

parabola = mat(parabola(f, t))

ft

t2

parabola =

QOO
e v g

isolate( ParametrizedTolmplicit( parabola(f, t), [ X, 'Y'], 1), y)

2
x
f

_1
Y=4

kparabola = simplify(kappa2D( parabola(f, t), t), assume = positive)
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k L !
parabola 2 (3/2)
L f(1+t7)
=] Hyperbola
hyperbola = mat( hyperbola(a, b, t))
_ éacosh(t)u
] hyperbola=g& (i)™
adParametrizedTolmplicit(hyperbola(a, b, t), ['X, 'Y'],1) 6
expand 2 H
(ab) o}
y2 X2
Ly 270
L b~ a
khyperbola = simplify(kappa2D(hyperbola(a, b, t), t))
o |ab
hyperbola (3/2)

(a2 cosh(t)? - a2 + b2 cosh(t))

=] Lemniscate of Bernoulli

lemniscate = mat(lemniscate(a, t))
e acos(t u
g 1+sin5((t))2 ﬁ
lemniscale =, n(t) cos(t) i
L € 1+sin(t)2 E
I ParametrizedTolmplicit(lemniscate(a, t), ['X, 'Y'], t)
collect(%, a, factor)
applyop(collect, [1, 1], %, [a, y])
2
L (y2- x2)a2+(x2+y2) =0
I curveplot2D(lemniscate( 1, t), t =0.. 2 p, axes = normal, title = "Lemniscate of Bernoulli")
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Lemniscate of Bernoulli
0.3

0.2-

=l curvature

k = simplify(kappa2D(lemniscate( a, t), t), trig)
eq :=fn(rhs(%), a, t)

a2 cos(t)

cos(t)4 -4 cos(t)2 +4
® 2 '+o'(3/ 2)

k=3
a

-2+ cos(t)2 E
scalarplot(eq(l,t),t=0.. 2p, title ="Curvature of Lemniscate(1,t)", labels=["t", "k"])
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Curvature of Lemniscate(1,t)

OH“1””2””3”"4””5””6‘

curvatureplot3D(lemniscate( 1, t), eq(1,t),t =0.. 2 p, "Curvature of Lemniscate(1,t)", axes = framed,
orientation =[ - 60, 70])

Curvature of Lemniscate(1,t)

/
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=l Cissoid of Diocles

cissoid = mat(cissoid(a, t))

g at®
€2 u
€ 2 u
_— _g 1+t H
CISSOId—e 3 4
e at™ u
£2 2l
e 1+t2u
ParametrizedTolmplicit(cissoid(a, t), ['X, Y], t)
isolate(%, y°)
3
2 X
y T -x+2a

curveplot2D(cissoid(1,t),t=-5.. 5, title ="Cissoid of Diocles")

Cissoid of Diocles
107

=l curvature

k = simplify(kappa2D(cissoid(a, t), t), assume =real )

__ Signum(a) signum(t)

09 02 04 06 08 1 12

k=3 (3/2)
at (2 +4)

Page 9

14

1.6

18



curveplot2D([ cissoid(1, t)l, kappa2D(cissoid(1, t),t)],t=0.. 5, title = "Curvature of Cissoid(1,t)",
labels=["t", "k"])
Curvature of Cissoid(1,t)

O; T T T T T T T T T T T T T T T T T
0 0.5 1 1.5

curvatureplot3D(cissoid(1, t), kappa2D(cissoid(1, t), t),t=0.. 5, "Curvature of Cissoid(1,t)",
axes=normal )

Curvature of Cissoid(1,t)

Tractrix (equal length tangent segments)

( tractrix = mat(tractrix(a, t))
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g asin(t) u
ix=6 L
tractrix @E%os(t)ﬂngtang—t
curveplot2D(tractrix(1, t), t=0.. 1, title="Tractrix(1,t)")
Tractrix(1,t)
07
1
2
3
4
i o 02 04 06 08
=l curvature

k = simplify(kappa2D(tractrix(a, t), t), assume =real )
eq = fn(rhs(%), a, t)

signum(a) signum(cos(t)) signum(sin(t)) sin(t)3

acos(t) (- 1+ cos(t)?)
scalarplot(eq(1,t),t=0..1, labels=["t", "k"], title = "Curvature of Tractrix(1,t)")

Curvature of Tractrix(1,t)

1.4-
1.2-
1-
k0.8
0.6-
0.4-
0.2-
I 0 0.2 0.4 06 0.8 1

curvatureplot3D(tractrix(1, t), eq(1,t),t=0.. 1, "Curvature of Tractrix(1,t)", axes = framed)
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Curvature of Tractrix(1,t)

=l Lissajous pattern

lissajous = mat(lissajous(n, m, a, b, f, t))

Iis&ajouszg) asin(nt)

0
sin(mt + )l

ParametrizedTolmplicit(lissajous(n, m, a, b, f, t),['X, Y], 1)
isolate( %, y)
applyop(expand, [ 2, 1, 1], %)

&

. X0 e
marcsmg—$+f n:
ag

|-O:

Q.'..'..'

y=bsing o

curveplot2D(lissgjous(7,5, 1,1, .2p, t),t =0.. 2 p, scaling = constrained, axes = box,
title = "Lassgjous(1,5)")
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Lassajous(1,5)

0.5

-0.57

-1+

i 1 08 06 -04 02 0 02 04 06 08 1
=l curvature

k = kappa2D(lissajous(n, m, a, b, f, t), t)

I<_|abnm(-sin(mt+f)cos(nt)m+cos(mt+f)sin(nt)n)|
) 2 22 2 2 2(3/2)
L (a”cos(nt) " n~+b~cos(mt+f) m")
scalarplot(kappa2D(lissgjous(7,5, 1,1, .2p,t),t),t=0..2p, labels=["t", "k"],
title = "Curvature of Lissgjous(7,5)", numpoints = 500)
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Curvature of Lissajous(7,5)

QOJ
O; T T T T T T T T T T T T T T T T T T T T T T T T T T T T T

o 1 2 3 4 5 6

curvatureplot3D(lissajous(7, 5,1, 1, .2 p, t), kappa2D(lissgous(7,5,1, 1, .2p,t),t),t=0..2p,
"Curvature of Lissgjous(7,5)", axes = boxed, view=[-1.1,-1.. 1, 0.. 5], numpoints = 500)

Curvature of Lissajous(7,5)
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=l Clothoid (Fresnel integral = Clothoid(1,a))

clothoid = mat( clothoid(n, a, t))
38 aeu(n +1)0 H
68 asin Zduu
B enlo
€0 u
ig=60 v
clothoid = g ¢ H
€0 &(n+1)o U
T LU
aco ~du
& n+1 @ H
2 :
L eo a
curveplot2D( clothoid( 1.0, 1.0, t), t =-10 .. 10, scaling = constrained, axes = normal,
titte ="Clothoid(1,1,t)")
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Clothoid(1,1,t)

0.5

=l curvature of a Clothoid

k = simplify(kappa2D(clothoid(n, a, t), t), assume = real )
eq :=fn(rhs(%), n, a, t)

k_|tn|signum(a)
- a

scalarplot(eq(l, 1,t),t =-10.. 10, title="Curvature of Clothoid(1,1,t)", labels=["t", "k"],
axes = normal )
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Curvature of Clothoid(1,1,t)
10

10 -8 -6 -4 2 0 2 a4 & 8 10

curvatureplot3D(clothoid(1, 1, t), eq(1, 1, t), t =- 10 .. 10, "Curvature of Clothoid(1, 1, t)",
axes = normal, orientation = [ 140, 50], numpoints = 500)

Curvature of Clothoid(1, 1, t)
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=l Folium of Descartes

folium = mat(folium(t))

—

w

AN

+

—*
w

folium

—

1
CD('D?SD!‘DI‘DFDI‘DFDI‘DFD\
N
T CCC oo

AN

+

—*
w

ParametrizedTolmplicit(folium(t), ['X, V'], t)
Foliumimplicit := fn(%, x, y)

x3- 3yx+y3=0

[ The Folium of Descartesis easier to plot in itsimplicit form:

implicitplot2D(Foliumimplicit(x, y),x=-2.. 2,y =- 2.. 2, scaling = constrained, axes = normal,
grid =[75, 75], title = "Folium of Descartes")

Folium of Descartes

s
04 e
0. X

~
2-18  -14 -1-08 04

A I I SN il I
F
[
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=l Curvature

k = simplify(kappa2D(folium(t), t), assume=real)
eq :=fn(rhs(%), t)

4

2 (t+ 1) (1% t+1)
3 , e (3/2)
(1- 483 +4%+42- 40+ 8)

scalarplot(eq(t),t=-2.. 2, labels=["t", "k"], title = "Curvature of Folium(t)")
Curvature of Folium(t)

2o

[ F :=fn(folium(t), t)
¢l :=curveplot3D(] F(t)l, F(t)2, eq(t)], t =-.9.. 50, numpoints = 1500, thickness = 3)

c2 ;= curveplot3D(] F(t)l, F(t)2, eq(t)],t=-50..- 1.1, numpoints = 500, thickness = 3)

pltx := pIOttOOIStransform((X’ y)® [x,y,0])

[ c3 :=curveplot2D(F(t), t =- .9 .. 50, numpoints = 1500, color = black)
[ c4 = curveplot2D(F(t), t =-50 .. - 1.1, numpoints = 500, color = black)
pIOtSdispIay( cl, c2, pltx(c3), pltx(c4), labels=["x", "y", "k"], title = "Curvature of Folium(t)",

axes=framed, view=[-2..2,-2..2,0.. 4], projection = .8, orientation = [ - 150, 80] )
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Curvature of Folium(t)

=] Cassinian Oval

cassinian(a, b, x, y)

2
L (x2+y2+a2) -4a2x2-b4
2, 2 22 2.2
Ltmpi=(xT+yT+a") - 4a”x" - b4
isolate( tmp, y2)
L y2= a2x2+b4-x2-a2
2
2
2
2
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cassinian(a, b, t)

[(a® cos(21) +4/b4- atsin(21)2) cos(t), (a2 cos(21) +4/b4- atsin(21)?) sin(t)]

2 2 a2

x >
g((azcos(Zt)+4/b4- a*sin(21)%) cos(t)) +((azcos(2t)+«/b4- atsn(21)?)sin(t)) +a’s

2
- 4a2((azcos(2t)+4/b4- a*sin(2)%) cog(t)) - b

Collect(simplify(%), [«/b4 - at v atcos(21)2, cos(21)], loc, factor)

(8a6cos(2t)3- 4a2(-a2- b4+a4+2005(t)2a2) cos(2t))«/b4- a4+<514cos(2t)2

+8a8cos(2t)4- 4a4(2(:os(t)2a2+2a4- 2b4- az)cos(Zt)2

- (b-a)(b+a)(bP+ad) (-bP+1+4cog(t)’a’- 2a%+a)

I Sgrt[M/2] { Cod[t], Sin[t]}, where M is2 a2 Coq 2 t] + 2 Sgrt[(-a*4+b™4) + a4 Cog[21]"2], 0 <t
I <=2Pi,anda<h.

build_curves( )

Warni ng, new definition for cassinian

[ J, ParametrizedTol mplicit, astroid, binormal, cardioid, cassinian, catenary, circle, cissoid, clotharg,
clothoid, cycloid, deltoid, elipse, folium, helix, hyperbola, k, kappa2D, lemniscate, lissajous,
logspiral, parabola, tangent, torsion, torusknot, tractrix, twicubic, unitnormal |

( curveplot2D(cassinian(1, 1,t),t=0.. 2 p, scaling = constrained)
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0.4
02

0.2
04

factormat( cassinian(a, b, t), factor)

I (a cos(21) +J- (a2sin(2t) - b2) (a2sin(2t) +b2) ) [cos(t), sin(t)]

cassinian(a, b, t)

I [(a% cos(21) +4/b4- a* sin(21)?) cos(t), (a2 cos(21) +«/b4- a*sin(21)?) sin(t)]

ParametrizedTolmplicit(cassinian(a, b, t), [X, y], t)
WAr ni ng, conputation interrupted

e 2
subsgx = cassinian(a, b, t) y = cassinian(a, b, t) (x +y +a ) - 4a2x2— b4_
[4]

2 2 2 0
g(azcos(Zt)+4/b4- a*sin(21)?) cos(t)? + (a2 cos(2t)+«/b4- asin(21)?) sin(t)? + a9
2 2

i 4(a2cos(2t)+4/b4- a*sin(2t)?) cos(t)?a’- b

simplify(%, assume =real )

-8a cos(2t) +2a2b4+8b4a cos(2t) +a4- b4+b8- 2b4a4+a8- 2a6

- 8COS(t) a cos(2t)4/b - a +a cos(2t) - 8COS(t) a cos(2t) - 4cos(t)2a2b4

+4cos(t) a +8a cos(2t) 4/b4- a4+a cos(2t)2+4a4cos(2t)4/b4- <':14+a4005(2t)2
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+4a2cos(2t)4/b4- a4+a4cos(2t)2 b4- 4a6(:os(2t)«/b4- a4+a4(:os(2t)2
+8&18cos(2t)4+4&16005(2t)2

Collect(%, [ sart, b4 - a4 + a4 cos( 2 t)2], factor, loc)

4a2cos(2t)(-2005(t)2a2+2a4cos(2t)2+a2+b4- a4)4/b4- a4+<514003(2t)2

- 8a8cos(2t)2+2a2b4+8b4a4cos(2t)2+a4- b4+ b8- 2b4a4+a8- 2a6+8a8cos(2t)4

4

- 8(:os(t)2 a6 cos(2t)2- 4cos(t)2a2b +4cos(t)2 a6+4a6(:os(2t)2

)

)

1 B e B e i e
N

)

CassiniPlot ;= (p, q) ® implicitplot2D(subs(a=p, b=q, cassinian(a, b, x,y)),x=-2..2,y=-2..2,
L scaling = constrained, axes = normal, grid = [ 100, 100] )

plts := [ CassiniPlot( 1.0, 1.0), CassiniPlot(1, 1.05), CassiniPlot(1, 1.1), CassiniPlot(1, 1.2),
L CassiniPlot(1, 1.5), CassiniPlot( 1, 2), CassiniPlot(1, 2.5), CassiniPlot(1, 3)]

plot (plts, axes = normal, title = "Cassinian Ovals")

Sdisplay

Cassinian Ovals
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=l Log Spiral

logspiral = mat(logspiral(a, b, t))

curveplot2D(logspiral(- .5, .1,t),t =0.. 8 p, axes = normal, title = "LogSpiral(-0.5, 0.1, t)")

LogSpiral(-0.5, 0.1, t)

L --4
=l curvature
k = simplify(kappa2D(logspiral(a, b, t), t), assume =real)

K= signum(a) e(_ oY)

L an/ b2+1

scalarplot( kappa2D(logspiral(- .5, .1, 1),t),t=0.. 8 p, title = "Curvature of LogSpiral(-0.5, 0.1, t)",
labels=["t", "k"])
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Curvature of LogSpiral(-0.5, 0.1, t)

1.8
161
14-
1.2-

08"
0.6
0.4

o.zéww

4 6 8 10 12 14 16 18 20 22 24
t

curvatureplot3D(logspiral (- .5, .1, t), kappa2D(logspiral(- .5, .1,t),t),t=0..8p,
"Curvature of LogSpiral(-0.5, 0.1, t)", axes = framed)

Curvature of LogSpiral(-0.5, 0.1, t)
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=l Catenary

catenary = mat(catenary(a, t))

¢ it
g
g

&3 cosh
e

catenary =

&
a

BtBcc

isolate( ParametrizedTolmplicit( catenary(a, t), [ X, 'Y'], 1), Y)

0

=—acoshg—=
Al ¥
curveplot2D(catenary(5,t),t=-2p .. 2 p, axes = normal, title = "Catenary(5,t)")

Catenary(5,t)

2

L 6420246
=l curvature
k = simplify(kappa2D(catenary(a, t), t), assume=real )
_ 1
= o
coshg—$|a|
ag

scalarplot( kappa2D(catenary(5, t),t),t=-2p .. 2 p, axes=normal, labels=["t", "k"],
title = "Catenary(5,t)")
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Catenary(5,t)

curvatureplot3D( catenary(5, t), kappa2D( catenary(5,t),t),t=-2p .. 2p,
"Curvature of Catenary(5,t)", axes = normal, orientation = [ - 125, 80])

Curvature of Catenary(5,t)
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=l Astroid

astroid = mat(astroid(n, a, b, t))

nu

§acos(1)
€(bsin(t))
eliminate({ x = astroid(n, a, b, t)l, y =astroid(n, a, b, t)2}, t)

astroid = H
i

& ean(y) o an(x) 060
n o n o7
selectghas, { %}, arctan € € L
PRI b 0 a oo
op([1,2, 1],%)=0
e 9 ... 0
coIIecté , [a, b], simplifyz
(ab) o}
map(x® x+ 1, %)
210 &210
g2—$ g2—$
ng ng
y +X _q
b2 a2

curveplot2D(astroid(5, 1, 1,t),t =0.. 2 p, axes = normal, title = "Astroid(5,1,1,t)")
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Astroid(5,1,1,t)
1

I -
=l curvature

k = kappa2D(astroid(n, a, b, t), t)

(acos(t))"n? (bsin(t))" (-2 +n)
cos(t) sin(t)

=% = 2 2 65(3/2)
Enzg((acos(t))n) sn()* + (bsin())") cos(t)*5*

cos(t)? sin(t)? P

scalarplot( kappa2D(astroid(5, 1, 1, t), t),t =0.. 2 p, title = "Curvature of Astroid(5,1,1,t)",
labels=["t", "k"])
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Curvature of Astroid(5,1,1,t)

2.4
2.2-
2-
1.8-
1.6°
1.4-
ki1.2-
1-
0.8-
0.6-
0.4-
0.2-

o
0 1 2 3t 4 5

curvatureplot3D(astroid(5, 1, 1, t), kappa2D(astroid(5, 1, 1,t),t),t=0..2p,
"Curvature of Astroid(5,1,1,t)", axes = normal, orientation = [ 144, 27], numpoints = 200)

Page 30



Curvature of Astroid(5,1,1,t)

=] Cardioid

cardioid = mat(cardioid(a, t))

8’2 acos(t) (cos(t) +1)u
& asin(t) (cos(t) + 1)4

cardioid =

ParametrizedTolmplicit(cardioid(a, t), ['X, 'Y'], t)

2 3 4 2 2

L (day " x-4x a+x +2y X +y4)(-4y2a2- 4x3a+x4- 4ay2x+2y2x2+y4)=0

curveplot2D(cardioid(1,t),t=0.. 2 p, axes = normal, scaling = constrained, title = "Cardioid(1,t)")
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Cardioid(1,t)

=l curvature

k = simplify(kappa2D(cardioid(a, t), t), assume = real )

_ 342 signum(a)

L 8 a4/ 1+ cos(t)

scalarplot(kappa2D(cardioid(1,t),t),t=0..2p, view=0.. 10, title = "Curvature of Cardioid(1,t)",
labels=["t", "k"])
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Curvature of Cardioid(1,t)

107

O 1+ 2 3 4 5 6

curvatureplot3D(cardioid( 1, t), kappa2D(cardioid(1,t),t),t =0.. 2 p, "Curvature of Cardioid(1,t)",
axes = framed, orientation=[- 130, 70], view=[-1..4,-3..3,0.. 2])

Curvature of Cardioid(1,t)
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=l Cycloid
I cycloid = mat(cycloid(a, b, t))

., _éat- bsin(t)u
cyclmd-ét;_ b cos(t) i
curveplot2D(cycloid(1, 2,t),t=0.. 4 p, axes= normal, title = "Cycloid(1,2,t)")

Cycloid(1,2,1)
3-

'8 10 12

=l curvature
k = simplify(kappa2D(cycloid(a, b, t), t), assume=real )

| -2 +bos(t) a
, , (312)
(a”- 2bcos(t)a+b™)

k =

scalarplot( kappa2D(cycloid(1, 2,t),t),t=0.. 2 p, title = "Curvature of Cycloid(1,2,t)",
labels=["t", "k"])
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k

Curvature of Cycloid(1,2,t)

21
1.8
16
1.4-
12
0.8
0.6
0.4

0.2+

0

1““2””3“‘4””5“”6‘

curvatureplot3D(cycloid(1, 2, t), kappa2D(cycloid(1, 2,1),t),t=-p .. 3p,
"Curvature of Cycloid(1,2,t)", axes= normal)

Curvature of Cycloid(1,2,t)
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=| Deltoid

deltoid = mat(deltoid(a, t))

., _&acos(t) (cos(t) +1)- au
de'to'd‘gz 2asin(t) (1- cos(t)) 1

ParametrizedTolmplicit(deltoid(a, t), ['X, Y], t)
map( collect, Ihs(%), a, factor ) = rhs(%)
2 20
8-27a4+18(x- y) (X+Y) a’- 8x3a+(x2+y2) o}
& 2, .2 2. 2 2. 2 3
2-27a4+(18x2+18y ya“- 8x(-3y"+x)a+(xX"+y7) #=0

curveplot2D(deltoid(1,t),t =0.. 2 p, axes = normal, scaling = constrained, title = "Deltoid(1,t)")

Deltoid(1,t)

Curvature
k = simplify(kappa2D(deltoid(a, t), t), assume =real )

_ 142 signum(a) signum(1+ 2 cos(t))

k=
8 a(l+2cos(t))4/1- cos(t)
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scalarplot( kappa2D(deltoid(1,t),t),t=0..2p, view =0 .. 5, numpoints = 1000, labels =["t", "k"],
title = "Curvature of Deltoid(1,t)")

Curvature of Deltoid(1,t)

O 1+ 2 3 4 5 6

curvatureplot3D(deltoid( 1, t), kappa2D(deltoid(1,t),t),t=0.. 2 p, "Curvature of Deltoid(1,t)",
view=[-3..3,-3..3,0.. 3], numpoints = 500, axes = framed)
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Curvature of Deltoid(1,t)

[ save "d:/dynamics/Curves2D.m"
[ read "d:/dynamics/Curves2D.m"
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